Abstract. We introduce a new entropy formula for Kerr black holes inspired by recent results for 3-dimensional black holes and cosmologies with soft Heisenberg hair. We show that also Kerr-Taub-NUT black holes obey the same formula.
Introduction
Recently a new horizon entropy formula has emerged [1] 
that is more universal than the Bekenstein-Hawking [2, 3] or Wald's [4, 5] entropy formulas, albeit only in three dimensions. The quantities J ± 0 are zero-mode charges of u(1) current algebras that appear to arise generically in near horizon descriptions.
Formula (1) was first derived for black holes in 3-dimensional Anti-de Sitter space within Einstein gravity [1] inspired by related earlier discussions of near horizon boundary conditions [6, 7] and the concept of soft hair [8] . During the past 18 months the entropy formula (1) was shown to apply also to flat space cosmologies in Einstein gravity [9] , to black holes (flat space cosmologies) in higher spin theories [10] ( [11] ) where Bekenstein-Hawking fails, and to higher derivative theories with gravitational Chern-Simons term [12] where Wald's formula fails.
Besides the entropy itself also Cardyology simplifies [1, 9, 13] including log-corrections [14] , while semi-classical considerations allow for Hardyology [15] [16] [17] [18] , by which we mean a counting of explicitly constructed semi-classical black hole microstates that combinatorially reduces to partitions of large integers. Nearly all results so far apply only to three spacetime dimensions, with the exception of [18] that applies Hardyology to extremal Kerr black holes. The phenomenologically most interesting non-extremal Kerr black hole [19] was not discussed in detail so far.
The main purpose of this proceedings contribution is to make modest progress towards lifting the exciting results in three dimensions to four dimensions by providing an analog of the entropy formula (1) for non-extremal Kerr black holes. Our main result is a new entropy formula
that is equivalent to the Bekenstein-Hawking law or Wald's entropy, but expressed in terms of zero mode charges of u(1) current algebras that are expected to appear in a suitable near horizon description of non-extremal Kerr. This work is organized as follows. In section 2 we summarize briefly salient aspects of the black hole entropy (1) in three dimensions. In section 3 we present our new results for the entropy of nonextremal Kerr black holes. In section 4 we elaborate on inner horizon entropy, limits of Kerr and the generalization to Kerr-Taub-NUT. In section 5 we provide a brief outlook.
Black hole entropy in three dimensions
In this section we review material that appeared in [1, 9] , whose conventions and notations we use. We start with the near horizon expansion of non-extremal black holes (or cosmologies).
The vicinity of non-extremal horizons allows an expansion around Rindler space
where the ellipsis denotes terms that vanish as the radial coordinate tends to zero, r → 0. The angular coordinate is periodic, ϕ ∼ ϕ + 2π. The exact solutions of Einstein's equations with negative cosmological constant Λ = −1/ 2 that asymptote to the near horizon metric (3) are given by
As usual, for defining the theory it is crucial to declare which variations of the metric are allowed, i.e., to impose some consistent set of boundary conditions. The near horizon boundary conditions of [1, 9] allow for arbitrary variations of the horizon radius function γ and the rotation function ω but no variations of Rindler acceleration α, i.e., δγ 0 δω and δα = 0. For constant Rindler acceleration the equations of motion imply conservation of these functions in time, ∂ t γ = 0 = ∂ t ω, which are near horizon analogs of the holographic Ward identities ∂ ∓ T ±± = 0 for the usual Brown-Henneaux boundary conditions [20] .
The canonical boundary charges associated with these choices are given by the Fourier modes
where G is the 3-dimensional Newton constant. Their algebra consists of two u(1) current algebras
The zero mode charges J ± 0 commute with all generators J ± n , which encodes algebraically the "soft hair" property. Since the algebra (6) can be mapped to infinite copies of the Heisenberg algebra frequently the name "soft Heisenberg hair" is used to distinguish from other soft hair constructions.
The Bekenstein-Hawking entropy is given by
which coincides with the result announced in (1) . While in Einstein gravity the result (7) is perhaps not too surprising, its simplicity is still remarkable and should be contrasted with the usual form of the entropy expressed in terms of Virasoro zero modes L ± 0 [21] [22] [23] ,
with the Brown-Henneaux central charge
More suprisingly, formula (1) applies also to flat space, where the usual Cardy-like formula is given by [24, 25] (L 0 , M 0 are BMS 3 zero modes and c M is the Barnich-Compère central charge [26] )
and to situations where Bekenstein-Hawking fails, such as higher spin [27, 28] black holes [29, 30] , where even for the simplest case of spin-3 black holes the entropy looks fairly complicated [31] (8) is recovered)
Similar remarks and results apply to higher spin flat space [32, 33] cosmologies [34] [35] [36] . Let us note for later purposes that in the flat space case the algebra (6) appears naturally in an off-diagonal basis,
and the entropy (1) reads
The algebraic reasons behind these surprising results are Sugawara-type of relations between the near horizon generators J ± n and the usual asymptotic variables, like Virasoro generators, BMS 3 generators or higher spin generators. For example, the Virasoro generators L ± n emerge uniquely from a Miura-type of transformation (spelled out in [1] ) that leads to a Sugawara construction
with a precise twist-term that allows to recover the Brown-Henneaux central charge (9) . Inserting this central charge together with the vacuum expectation value of the zero-mode generator
into the Cardy formula (8) recovers formula (1). In the spin-3 case the Sugawara-type construction involves tri-linears in the spin-2 and spin-3 generators J ± (2,3) n [10] which in a similar way allows to recover formula (1) from the complicated expression (11) and vice versa. A summary of some of these algebraic constructions is provided in [9] .
Besides these unexpected simplifications of the results for entropy, at least in three dimensions one can go further and exploit the near horizon theory for a microstate counting (including log corrections), see [14] and references therein. Moreover, based on the u(1) current algebras (6) a specific proposal for all microstates of semi-classical BTZ black holes was provided in [15, 17] .
While it is not yet clear how these more advanced considerations generalize to higher dimensions, the more basic ones reviewed here show at least that there is a simple and fairly universal entropy law (1) in three dimensions that often considerably simplifies the results and paves the way for a deeper analysis of black hole entropy. We show in the next section that something similar can be achieved for non-extremal Kerr black holes.
Bekenstein-Hawking entropy
Kerr black holes are characterized uniquely by their mass M and angular momentum J = aM, in terms of which their Bekenstein-Hawking entropy reads (we set Newton's constant to unity)
Near horizon symmetry algebra by Donnay et al.
To continue with our agenda we need some analog of the near horizon boundary conditions reviewed in section 2, which so far do not exist. Thus, we use instead the near horizon boundary conditions introduced in [6] (see also [37] ), which lead to a symmetry algebra whose non-vanishing commutators are displayed below.
[
The Witt generators L ± n produce "superrotations" and the remaining generators T (n, m) "supertranslations". Note, however, that the algebra (17) differs from the Barnich-Troessaert generalization [38, 39] of BMS [40, 41] .
Sugawara deconstruction
There are three key observations for our purposes. The first one, made in [6] , relates the supertranslation double-zero-mode to the Kerr black hole entropy (16),
The second one (made in the same paper) is that for the Kerr solution the Witt zero mode generators, up to an imaginary factor, are given by the Kerr angular momentum.
The third one, made in [15] , provides a "Sugawara-deconstruction" of the algebra (17) in terms of four u(1) current algebras (commutators not displayed vanish)
namely
The "deconstruction" above is of course not unique and we can change to a more convenient basis, which we do now. Defining the generators
1 For convenience our normalization of T (0, 0) differs from the one in [6] by a factor of surface gravity and a factor 2.
yields an algebra consisting of two copies of the 3-dimensional flat space near horizon symmetry algebra (12) (again all commutators not displayed vanish)
The generators (21) are given by the bilinears
Determination of zero modes
Comparing with [6] for the non-extremal Kerr solution the four zero modes of the new generators have to obey three algebraic constraints (determined by their relations to L ± 0 and T (0, 0) ). To solve uniquely for these zero modes we need a fourth condition. We impose
based on the rationale that this chirally symmetric sum of zero modes should not see the angular momentum, while dimensional analysis shows it must be linear in mass. The least obvious aspect of the postulate (25) is the factor 2 on the right hand side. This factor is fixed uniquely by demanding that in the Schwarzschild limit of vanishing angular momentum, J → 0, the zero modes agree with each other pairwise, J 
Results for non-extremal Kerr in terms of u(1) zero modes
We express now standard Kerr parameters in terms of the zero mode charges (26) . The black hole and Cauchy horizon radii
as well as the black hole mass
are linear in the zero mode charges, while angular momentum
and, equivalently, the Virasoro zero modes (19)
are bilinear in them. The Bekenstein-Hawking entropy (18) is also bilinear in the zero modes.
The new entropy formula (31) is the main result of this work. The non-trivial aspect is not just that the entropy can be written as in (31), but rather that the quantities therein, J ± 0 , are (linear combinations of) zero modes of u(1) generators that are related in a Sugawara-like way to the near horizon charges (24) discovered in [6] . As compared to the 3-dimensional flat space result (13) the entropy now contains a product of two zero-mode charges instead of a single one. The factor 4π in (31) is naturally interpreted as volume of the round unit 2-sphere.
In this section we discuss some elaborations. We address inner horizon entropy in section 4.1, mention Schwarzschild and extremal limits in section 4.2, and present the generalization to Kerr-Taub-NUT in section 4.3. We comment on some further interesting generalizations in the concluding section 5.
Inner horizon entropy
The "inner horizon entropy" defined and used in [42] [43] [44] [45] [46] is bilinear in the other pair of zero modes [the ones not appearing in the new entropy formula (31)].
The result above suggests that the generators J (17), but with T replaced byT , which can be interpreted as generating supertranslations on the inner horizon.) This suggestion is confirmed by the expressions for outer and inner horizon radii (27) . As may have been anticipated, angular momentum (29) is a quantity that involves information about both horizons. The same is true for the mass (28).
Schwarzschild and extremal Kerr
For Schwarzschild the inner horizon charges vanish, K ± 0 = 0. Other than that all the results of section 3 apply.
By contrast, in the extremal limit the outer and inner horizon charges are identical, J ± 0 = K ± 0 , which physically makes sense as both horizons then coalesce to a single one. In that case the new entropy formula (31) by virtue of the angular momentum formulas (29) can be rewritten as
which coincides with the near horizon extremal Kerr result [47, 48] . Note, however, that the boundary conditions of [6] on which our construction is based solely apply to non-extremal Kerr black holes, so one has to be careful with this limit. See [18] for more on extremal Kerr entropy in a near horizon context, including a proposal for its microstates.
Kerr-Taub-NUT
We consider now a generalization to Kerr-Taub-NUT [49, 50] whose metric in Boyer-Lindquist coordinates is given by
with Kerr parameter a = J/M, nut charge n and the two functions
Rather than repeating in detail the analysis we did for Kerr we merely state the result for the zero mode charges.
Besides mass M and angular momentum J the zero mode charges (36) depend also on the nut charge n.
Repeating the analysis of section 3.5 yields expressions for the horizon radii
and the mass.
The main change as compared to Kerr is that the left and right Witt zero mode charges
0, but instead yield the square of the nut charge.
The angular momentum J = aM is determined from the difference of the Witt zero mode charges.
The Bekenstein-Hawking entropy is again compatible with our main result (31) .
For completeness we also state the corresponding result for inner horizon entropy.
4.4 Summary of relations between u(1) zero mode charges and black hole parameters 
S inner /(4π) "inner horizon entropy" 
Outlook
Our main result (31) is a reformulation of the usual Kerr black hole entropy. As indicated, we view this as the first modest step in a more ambitious program, namely to provide near horizon boundary conditions, discuss associated symplectic and/or asymptotic symmetries, derive Cardyology and propose Hardyology for non-extremal Kerr. The endgame of this research avenue is to provide an explicit set of all microstates for semi-classical non-extremal Kerr black holes and to discuss consequences for black hole evaporation, (avoidance of) information loss and related semi-classical black hole puzzles. In four and five spacetime dimensions Cvetič and collaborators have found that the product of black hole and "inner horizon" entropies is some integer multiple of 4π 2 , see [44] and references therein as well as papers by Ansorg and collaborators, e.g. [51] . Our results (31) and (32) actually suggest that already the individual entropies are some integer multiples of 2π, provided the zero mode charges J ± 0 and K ± 0 are quantized in the integers. Results for three-dimensional black holes suggest that this is the case [15, 17] , but clearly it would be desirable to verify this in four dimensions.
Another interesting research direction is to relate our results to the hidden conformal symmetry for Kerr black holes, see [52] and references therein. While we do not see direct evidence for conformal symmetry, our u(1) currents J ± n and K ± n can be Sugawara-combined to Virasoro generators, which then indirectly generate conformal symmetry, see [17] for a summary of the relevant algebraic statements.
The new entropy formula for Kerr (31) and some of the directions alluded to above should be generalizable to other black holes in four dimensions with cosmological constant, electromagnetic sources and acceleration (e.g. Carter-Kottler a.k.a. Kerr-(anti-)de Sitter [53, 54] , Kerr-Newman [55, 56] , accelerated black holes [57] , Plebański-Demiański [58] or its cosmological generalization [59] , and black holes with toroidal or higher genus horizons [60] ) as well as to black holes (and possibly other black objects such as black rings [61] ) in more than four spacetime dimensions. Studying these generalization would also allow to verify if the simple entropy formula (31) is again as universal as its 3-dimensional pendant (1) .
Besides the four-and higher-dimensional applications mentioned above there is still some interesting work to be done in three spacetime dimensions. Namely, so far formula (1) was verified solely for locally maximally symmetric metrics, such as Bañados-Teitelboim-Zanelli black holes [62, 63] or flat space cosmologies [64, 65] . However, the near horizon approximation (3) should be valid for any horizon, even if the solution is not maximally symmetric. It would be interesting to verify whether our general conclusions still apply to such scenarios, for instance to warped black holes, see e.g. [66] . Further open issues in three spacetime dimensions are listed in the concluding section of [9] .
Whether all these research avenues will turn out to be fruitful is unclear. However, in our opinion it is exciting that there is now a new approach available -based on near horizon considerations and soft Heisenberg hair -to address macro-and microscopic aspects of black hole entropy.
